AbstJ'(/ct. The problem of free oscillations of a heterogeneous spliere is reformulated in terms of dispersion over a plane half-space composed of anisotropic layers having a superposed \·elocity gradient, This transforms the standing wave discrete spectrum to a traveling-wave continuous spectrum and considerably simplifies the analysis of surface waves on a sphere. Minor modifications make it possible to use any Love wave computer program to compute dispersion on a sphere. Results of the method are compared with those obtained from numerical integration of the exact equations of motion. Agreement is generally better than 0.06 per cent. Dispersion for the fundamental and first seven to eight higher Love modes is presented for a continental and an oceanic path. The oscillatory nature of the group velocity curves becomes more pronounced when a velocity reversal takes place. Calculations of higher-mode group velocity structure and displacement illustrate the mechanism of propagation of the Sa wnve. By successive modificntions of a previously developed mantle structure, a new suboceanic model is determined which satisfies Love wnve and torsional oscillntion data.
Introduction. Short-period surface waves are most conveniently treated as traveling waves, and there is a large, well-developed literature concerning surface waves on a flat heterogeneous half-space. The elastic vibrations of the entire earth are best treated as standing waves using normal-mode theory and taking into account, in an exact manner, the effects of sphericity and gravity. Many recent authors have developed and applied this method, but the computations are so formidable that numerical results are available for only a very few earth models, Only the most tentative efforts have been made to modify the standard earth structures to give a more satisfactory fit to the data. The normalmode approach is especially suited for the loword~r oscillations, both conceptually and experimentally. Long-period surface waves may be viewed as a superposition of normal modes, and their dispersion relations follow from the exact free-oscillation solutions.
Alternatively, free oscillations may be regarded as the superposition of traveling waves, This was first pointed out by Jeans [1923] , but no completely satisfactory method has been preContribution 1144, Division of Geological Sciences, California Institute of Technology, Pasadena. sented for computing the dispersion of surface waxes traveling around a spherical heterogeneous earth. An 'earth-flattening' approximation has been proposed by Alterman et al, [1961] which consists in superposing a linear velocity gradient on the actual structure. Because of the nature of the approximations, the general validity of the method is difficult to assess, but numerical calculations indicate that for simple structures the error reaches 1 per cent for fundamental-mode Rayleigh wave phase velocities at 300 seconds and reaches this error at even shorter periods for Love wave phase velocities. For complicated structures, especially those involving a velocity reversal, the method fails for periods as short as 15 seconds. Calculations for a flat earth are valid only for even shorter periods. In general, the phase velocity curves from flat-earth calculations and the earth flattening approximation bracket the exact spherical solution except at long periods, Yanovskaya [1958] , using asymptotic expansions of the Hankel functions, obtained corrections to the period equation for a layer over a half-space valid for high frequencies. Bolt and Dorman [1961] and Kovach and Anderson [1962] persion in a half-space to dispersion in the corresponding sphere. The effect of sphericity on Love waves depends markedly on the structure; it is particularly pronounced for higher modes. Because of the extreme labor involved in the free-oscillation calculations and the inadequacy of the approximate methods, we develop here a traveling-wave method which is valid over the whole spectrum from short-period crustal waves to the free oscillations. The method is so convenient that dispersion for many models can be quickly determined and the necessary modifications made in order to satisfy the data.
Mathematical f ormula.tion. The method is to transform the equations of motion for a homogeneous, isotropic, spherical shell to those for a heterogeneous, anisotropic plane layer with the location of the shell in the layered sequence as a parameter. Haskell matrices are then applied in order to generate an arbitrarily layered sphere. The method is most conveniently introduced for the torsional oscillation or Love wave problem. Let us consider the radial factor of the steadystate equations of torsional motion for a spherical shell: 
and we define the new variable
which is in the form of the displacement equation of motion for a transversely isotropic plane layer with a modified velocity. In the context of anisotropic theory [Anderson, 1962] , ~-1 is the anisotropy factor. The mapping of a sphere into a plane half-space therefore superposes a linear velocity gradient and a linearly increasing ani- which arises from the curvature of the ear1 h.
We can rewrite (3) ns
The expression in brackets is the same as the corresponding flat-earth expression except that the velocity is modified by the linear factor a; (a -h) . This effective linear increctse in velocity is due to sphericity. It was taken into account by Alterman, J arosch, and Pekeris in their earth-flattening approximation. The effed on the first term in ( 4) did not appear in their form11lation. This additional factor effectively introduces an anisotropy which increases with depth.
Equation 4 We can now follow the procedure of Anderson [1962] and introduce pseudo-parameters to transform the plane anisotropic layer to a plane isotropic layer and proceed directly to a solution.
Since we know the solution for a single shell, the generalization to a concentrically layered sphere is a straightforward application of Haskell's method [Haskell, 1951; Anderson, 1962] . The matrix manipulations are facilitated by the use of addition theorems which can be invoked beernse of the trigometric form of (7). This form also considerably simplifies the calculation of such quantities as energy and group velocity.
Numerical compidation. A Fortran program written to compute Love wave dispersion on a flat-layered, isotropic half-space by D. Harkrider ( 1962, unpublished) was modified according to the above theory and used in computing dispersion on a layered sphere for a variety of earth and moon modes, including higher modes. If no initial knowledge of the dispersion is available, it takes approximately 3 minutes to calculate and verify 30 points on a dispersion curve with an IBM 7090 computer. The accuracy of the calculations at various stages of solution is checked automatically by the following tests: An additional check is obtained by comparing the results with solutions obtained from numerical integration of the exact equations of motion when this information is available. Usually, the results for this 'pseudo-spherical' or 'earth-stretching' method and the 'exact' spherical method agreed to better than 0.06 per cent when the equations of motion were numerically integrated with high precision. It should be noted here that the so-called 'exact' solutions are usually obtained hy numerical integration of the exact equations of motion and are subject to round-off, starting-point, and step-size errors. On the other hand, the approximate method presented here is evaluated exactly and is not subject to such errors. In any event the accuracy of the new method is at least an order of magnitude higher than the experimental uncertainty, and it can be improved by simply reducing layer thicknesses. Energy and group velocities are calculated exactly by the integration of energy integrals and analytical differentiation of the product matrix form of the period equation [Harkrider and Anderson, 1963] . Group velocities are also calculated by numerical differentiation as a check on this widely used procedure. If this option is left out, the above-quoted computation time is reduced by a third. Analytical partial derivatives are also calculated routinely for each parameter and these calculations are included in the above time estimate. These partial derivatives are used to modify test structures when a fit to data is being attempted.
As a first test of the method, dispersion was computed for two moon models. The effect of sphericity on such a small body appears at very short periods, so this is a severe test. Also the periods of torsional oscillations have been worked out by Carr and . Figure 1 gives the earth-stretching results (solid line) and the 'exact' torsional oscillation results (circles) of Carr and Kovach.
Models. Dispersion has been computed using the above method for a variety of continental and oceanic earth models; ten higher modes have been computed for some models. Detailed results will be presented here for one continental (Gutenberg-Birch) and one oceanic (CIT 6) structure. These structures are described by Kovach and Anderson [1962] . Partial results for other models which were successive approximations to a satisfactory earth structure are presented in a later section. Fragmentary results for a Jeffreys-Bullen model are also shown for comparison. We know from previous work [Dorman et al., 1960; Kovach and Anderson, 1962] that this structure does not satisfy surface wave data. Results for a modification of a model designated Gutenberg IV by MacDonald and Ness [1961] are listed in Table 1 for comparison with the free-oscillation calculations which were calculated by Kovach (personal communication) nsing an improved version of the program described by Kovach and Anderson [1962] .
The parameters of the models under present consideration are given in Tables 2, 3 
PER 100 (sec) 500 Fig. 3 . Dispersion for the first nine Love modes on a spherical earth with a CIT 6 oceanic structure.
a layered sphere is mapped onto a layered halfspace.
The results for these models are given in Tables 5 through 10 and 
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LOVE MODES
Phase ( c) and group ( U) velocities are shown for the first eight Love modes in Figure 2 for the Gutenberg-Birch structure. This model has a slight reversal in the upper mantle for both shear velocity and density. The minimums in the group velocities between 10 and 15 seconc!E are associated with this channel. The oscillatory ----,-- nature of the higher-mode group velocities is a basic property even for the simplest structures, but it is accentuated and distorted when a channel is present. Contrast these results, for exam- plc, with the Jeffreys-Bullen model in Figure 4 . Also shown in Figure 2 and Table 5 arc results from the exact torsional oscilbtion program described by Kovach and Anderson [HJ62] . The agreement is considered excellent, especially since the methods approximate the structure in slightly different ways.
The maximums and minimums of the group velocity curves are of particular interest because they produce relatively large amplitude arrivals. The fundamental has no extremum beyond 30 seconds but only a broad inflection between 100 and 300 seconds. A long-period continental Love wa.ve will therefore tend to be oscillatory. The first higher mode (second Love mode) has a broad minimum centered at about 46 seconds with a group veloci I y of -1.28 km/sec and a broad maximum at 17 seconds with a group velocity of 4.43 km/sec. This maximum is appropriate in both velocity and period for the continental S. wave. The continental S. wave with period 14 to 20 seconds is unquestionably associated with the long-period maximum of the first higher Love mode. It is possible that the arrival controlled by this maximum may sometimes be picked as the beginning of the so-called continental G or LQ wave. The third Love mode has a broad plateau between 15 and 40 seconds with a group velocity of about 4.35 km/sec, and a sharp minimum at about 12 seconds with a velocity of about 4.13 km/sec. The other higher modes tend to have maximums around 8 to 10 seconds at 4.4 km/sec. Some of Caloi's [1954] reported Sa waves have this property. The shorter-period continental S.
waves are therefore probably associated with higher-mode group velocity maximums. This agreement leads us to propose that S. waves be defined as higher mantle Love modes with completely transverse horizontal motion. The vertical component sometimes reported is probably associated with Rayleigh motion, and a different designation is desirable.
Further information about the mechanism of propagation at those waves can be obtained from plots of displacement versus depth. The fundamental-mode displacement ( Figure 5 ) decays monotonically with depth with a slight inflection at the crust-mantle boundary. The presence of the low-velocity zone keeps the displacements greater in the upper mantle than they would otherwise be. Three horizontal lines drawn on the displacement graphs represent the top, center, and bottom of the low-velocity zone. The second Love mode ( Figure 6 ) clearly illustrafos the wave-guide nature of the low-velocity zone. Between 15 and 30 seconds the negative lobe of the displacement is in the top half of the low. velocity zone and is much greater than the corresponding lobe for shorter or longer periods. In this range of periods the phase velocity is ap::' proximately the same as the shear velocity -of the 'lid' of the low-velocity zone. These period$ are therefore effectively 'trapped' in the lowvelocity zone and a true channel wave results. When the phase velocity becomes less than the minimum channel velocity, the wave becomes untrapped and the displacements again take on their familiar, simple exponential behavior. These displacements indicate that a source between 50 and 200 km will be especially effective in generating the 15-to 30-second Sa wave. This also agrees with Caloi's observations concerning this wave. The other higher modes (Figures 7 and 8) exhibit a corresponding behavior. 
GUTENBERG-BIRCH
Comparison between displacements versus depth for the Jeffreys-Bullen (no low-velocity zone) and CIT 6 (low-velocity zone) models based on calculations for a flat earth.
CIT 6 is an oceanic model that has been shown to give good agreement with data for oceanic Love wave phase velocities [Kovach and Anderson, 1962] . It is characterized by a shallow and extreme low-velocity, low-density layer in the upper mantle. Group velocity minimums are very pronounced in this model, and many of the modes show a strong narrow minimum at about 22 seconds and about 3.75 km/sec. This behavior is again associated with the low-velocity zone, as illustrated by the displacement graphs. A broad maximum between 10 and 20 seconds with group velocity between 4.25 and 4.4 km/sec occurs for each mode. Between 50 and 200 seconds the fundamental-mode group velocity curve is contained between 4.3 and 4.4 km/sec, and this is responsible for the well-known pulse nature of the G wave. The second-and third-mode group velocities both cross the fundamental group velocity between 29 and 70 seconds. The resulting interference makes mode separation difficult in this region. The second mode has a sharp minimum at 26 seconds with group velocity of 4 km/sec. Combining information from all the modes, we find for the oceanic S. wave a 7-to 9-second wave arriving with a velocity of 4.4 km/sec riding on a 12-to 20-second wave with the same initial arrival time. Both groups will be oscillatory because of the adjacent pronounced group velocity troughs. This closely duplicates the behavior of some of Caloi's published records.
Caloi explained the S. waves as waves propagated in a low-velocity asthenosphere channel. Oliver and Ewing [1958] speculated that the properties of the S. phase would emerge from a complete normal-mode analysis of a realistic earth model when the effects of curvature and velocity gradients were taken into account. They state that the 'identification of S. with a deep channel in the mantle is suspect until the other possible mechanisms are eliminated.' The present analysis indicates that there are elements of truth in both of the above viewpoints. A lowvelocity zone seems to be neces~ary to explain the sharp beginning, the large amplitudes, and the oscillatory nature of the S. wave as well as the comments about its excitation as a function of focal depth. When a low-velocity layer is present in the upper mantle the displacementdepth graphs show that a true channel wave does result from a normal-mode analysis as performed in this paper.
The displacements for this model, which has a particularly pronounced low-velocity zone, are compared with displacements in the JeffreysBullen model having no low-velocity zone in Figure 9 . This clearly illustrates how effectively the displacements are trapped by the channel. are caught in the low-velocity channel are even more pronounced than for the continental model Oceanic rnantle structure. Dispersion · primarily phase velocities, from a variety of sources, including free oscillations, are given in Figure 13 . Most of the data are for complete great-circle paths. The great-circle path which includes New Guinea and Pasadena is the most oceanic (90 per cent) and probably the most re. liable of the data below 300 seconds. Several points for the Mongolia-Pasadena path (65 per cent oceanic) were corrected approximately to a completely oceanic path before a theoretical fit was attempted. Toksoz and Ben-Menahem [1963] give details of these phase velocity determinations.
These data and the free-oscillation data of difference. Comparison of the oceanic and continental dispersion curves of the preceding section indicates the approximate magnitude of the effect of path difference. The influence of phase shifts at continent-ocean boundaries is unknown but is minimized by restricting attention to successive great-circle traverses of a single phase. ::\o attempt was made to correct the New Guinea-Pasadena path to a completely oceanic path. This correction is less than the 0.5 per cent accuracy estimated for these dafa. Most of the group velocity points were determined directly from the records. Some of the New Guinea-Pasadena group velocity data were determined by numerical differentiation of the experimental phase velocity curve. Although the dispersion characteristics of inhomogeneous structures are completely specified by a phase velocity curve, group velocity data, although less accurate, are valuable corroborative information. The group velocity is a function of the actual values and the slope of the phase velocity curve and is, therefore, potentially useful for detecting subtle changes in the shape of the dispersion curve that may be overlooked owing to scatter if phase velocity data alone are considered. In the following analysis the group velocity is used as a loose extra constraint.
The CIT 6 oceanic model was used as a starting trial structure. To satisfy the New Guinea u, sec km/sec sec km/sec data we increased the velocity to 4.5 km/sec in the bottom half of the low-velocity zone. The resulting structure, CIT 8, gave a good fit to the data for periods less than 180 seconds. To satisfy the long-period data a discontinuity was introduced at 360 km. This structure, called CIT 9, was fairly satisfactory but fell above most of the free-oscillation data. A satisfactory fit was obtained by reducing the velocity in the depth interval 500 to 700 km. This resulted in a major discontinuity at 700 km. CIT 10 and 11, the final structures, give almost identical dispersion. CIT 11, a smoother structure, is here adopted as an oceanic model consistent with Love wave dispersion data. The parameters for the intermediate models, CIT 8, 9, and 10, are not of sufficient interest to reproduce in tabular form. Figure 14 shows the shear velocity distribution for these models and, for comparison, the 8090 model of Dorman et al. [19601 and the Jeffreys-Bullen model. The 8000 structure was designed on the ba.ois of R a:deigh wavr data and fiat-earth calculations. S11kes et al. [1962] , on the ba8is of spherical calculations, consider it. to be a satisfactory fit to oceanic data. Kuo et al. [1962] , on the basis of an empirical correction to the fiat-earth calculatiom, showed that data for Pacific Ocean paths fell slightly below the theoretical 8099 rurve. They suggested 
